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COMPUTATION O F  GENERAL PLANETARY PERTURBATIONS 
FOR RESONANCE CASES 
INTRODUCTION 
Many investigators have studied resonant motions in celestial mechanics. 
These problems are of theoretical interest from the point of view of stability 
and for understanding the characteristics of the motion. The practical impor- 
tance of these problems comes from the existence of so many cases  of resonant 
motions in the solar system. Hagihara's work (Reference 3) contains an ex- 
cellent summary of studies of these problems. The work of Schubart (Reference 
5) has added significantly to the understanding of motions of resonant asteroids. 
By a numerical averaging process on a computer he was able to isolate the 
secular and critical t e rms  of the disturbing function and then investigate the 
stability and characteristics of the motion for a wide range of values of the 
parameters.  
The cases of resonance require special techniques when general perturba- 
tions are to he computed. For this purpose it is necessary to  represent the 
motion in a form compatible with the usual trigonometric series so that accurate 
resul ts  may be obtained including higher order effects from all the disturbing 
planets. Such a form is obtained in the present study by using an argument in the 
trigonometric t e rms  such that the resonance of the mean motions is taken into 
account. In this way the critical t e rms  are removed and the effects appear in 
the secular terms.  The resulting ser ies  have the same form as in ordinary 
by a single related "anomaly" in the arguments of the trigonometric terms.  
nonresonance cases. The mean anomalies 01 A'-- LUG L-7- W ~  L n A i a c  uuuIbu hawe ---. - b p n  replaced 
THE REFERENCE ORBITS 
The perturbations of the coordinates aix comptcd tc givl~p the deviation of 
the motion of a planet from the motion in a fixed Keplerian ellipse. There is 
some latitude in the choice of the elements of the reference ellipse, but t o  keep 
the perturbations small, the reference motion should be a close approximation 
to  the actual motion. When the mean motions, n and n' , of two planets are in 
the ratio of two integers, 
n - P  - --, p, q a r e  integers, 
n' q 
1 
qn = pn’ 
as before the te rms  with the argument 
qg - Pg’ 
o r  any multiple of this become critical since 
qn - pn‘ = 0. 
There are several possibilities for treating such cases. The 
to give a method wherein the form of the series is s imilar  to 
2 
~ 
the motions a r e  said to be commensurable and this is a case of resonance which 
requires some special consideration in the computation of general perturbations. 
An extensive expansion of the disturbing forces from the mutual attractions 
of two planets is given in Reference 2. In the usual nonresonance case the per- 
turbations are obtained as trigonometric series in te rms  of the two mean anom- 
alies, g and g’ , with various powers of the t ime as factors. This form results 
f rom the fact that the position vectors ?o and ;A in the two reference orbits are 
periodic functions of the mean anomalies g and g‘ respectively. In the expan- 
sions of the components of the disturbing force, the te rms  in the series have the 
form 
where i and j are integers. When these terms are integrated with respect to 
the t ime, the coeffecients a r e  multiplied by the factor 
n 
in + jn’ . 
In cases  of resonance where 
purpose here  is 
that of the usual 
nonresonance case. The mean anomalies, g and g' , a r e  linear functions of the 
t ime, t : 
g = n t  t go 
g' 1 n ' t  t g o .  I 
Putting 
there follows 
* g = Pn t t go = pg* t go 
Now if g*is increased by 2n theng and g' are increased by 2pn and 2q-rr respec- 
tively. Since yo and ;b a r e  periodic functions of g and g' respectively, both 
roand ; are periodic functions of g*. The former development in te rms  of 
g and g' can be replaced, in the resonance case,  by a development in t e rms  of 
t h e  single angle g*, and in this form there a r e  no critical terms.  In the results 
the affects of the critical t e rms  will appear in secular form. The development 
given on pages 5 through 11 of Reference 2 can be used in the computation ex- 
cept that the dcuble harmonic analysis is now replaced by simple harmonic 
analysis in the variable g*. 
- 
In the application of this method, the mean motions of the two planets in the 
reference orbits must be exactly commensurable. The deviations from the 
reference orbits are properly taken into account by adjusting the constants of 
iiitegi-ation i~ the series ~ 
FORMULAS FOR THE PERTURBATIONS 
The form presented in the previous section fo r  representing the motion in 
cases  of resonance using trigonometric se r ies  can be applied using nearly any 
decomposition of the perturbations. Musen's (Reference 4) method of pertur- 
bations of the rectangular coordinates is used in the present case.  
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The position vector, i-' , of a planet is given by 
. 
---t 
where a ,  ,l3 , y a r e  the components of the perturbations, r o  is the position vector 
in the fixed reference ellipse, 
is the unit vector in the direction of the angular momentum of the motion in 
the reference ellipse and 
is the semi-major axis of the reference ellipse, 
n being the mean motion in the reference ellipse and t is the time. 
The perturbations are computed from the formulas 
a = !(M,D t M,E) d ( n t )  
p = /(MI - 2 a )  d ( n t )  
7 = M,D d ( n t )  
to  which the contributions from the constants of integration are to  be added. 
The integrands are obtained from the formulas: 
r o  + + 
a 
M, = -R (a2F) 
M, = M , d ( n t )  I 
and 
- c o s  E - e  --t + 
S, = - P  s i n  E t Q  6-7 
a 
r 




E = 2 -  [ l - c o s ( ~ - ~ ) ]  
0 
where e is the eccentricity of the reference ellipse, E is the eccentric anomaly 
in the reference ellipse, T is the eccentric anomaly held constant during the 
integration and replaced by E afterward, and P ,Q a r e  the standard unit vectors 
associated with g. The factor a2 
pressed as 
+ +  
is the disturbing force which can be ex- 
The various T ' s  which are factors of the powers of the time are given on pages 
6-10 of Reference 2. 
The 7 ' s  depend on the reference position vectors of ;o and Po which are 
periodic functions of g*. Similarly gl, s, , and ;o are periodic functions of g*. 
Thus M I  , M , ,  and M ,  can be written in the form 
where 
5 
-, r o  - in 331 . - - - - a 2 f j  a 
for j = I , 1 , 2 , 3 ,  . . . . . Therefore, by simple harmonic analysis each hi 
can be obtained as a trigonometric se r ies  in g". 
. 
The expressions for D and E also can be represented as trigonometric 
series in g" and T .  These ser ies  along with those for the Mi's form the in- 
tegrands in the expressions for a , P ,  and y .  Terms under the integral have 
the general form 
[C c o s  (ax t b) t S s in  (ax t b)] xp. 
Upon integration this takes the form 
[ cp C O S  (ax  t b) t S, s in  (ax t b)] xp f [ cp- c o s  (ax t b) t Sp- s in  (ax t b ) ]  x P - l  
t [ C p - 2  cos (ax t b) t Sp-2  sin (ax t b)] x P - ,  t 





s, = - ,  c = - - ,  
P 





Mean Motion Longitude Argument Mean Anomaly 
e Degrecs/Day Ascending Node Perihelion i (JD 2415200.5) 
Planet Semi-Major Eccentr ic i ty  in of of Inclination at Epoch 
Axis in 3.u. 
3 n R w g0 
Neptune 30.005162 .00895ti 00059818812 13102332 27509147 107745 391)122G 
Pluto 39.382760 248895 00089879228 109?(i750 11309034 17y1-134 23000159 
The special case where a = O  must be treated separately. Here the t e rm 
under the integral has the general form k tP where k is a constant. Integration 
yields te rms  of the form(k/pt l ) tPt l  which introduces factors with one higher 
power of the time and since p involved double integration factors are generated 
for two higher powers of the time. In this manner, secular terms and te rms  
with higher powers of the time enter the expansions. 
The final expressions for a, p, and y have the general form 
where s is the highest power of the time carried in the computation and g* = n* t .  
APPLICATION 
The case of the mutual attractions of Pluto and Neptune demonstrates the 
capabilities of the method. The values used for the reference orbit elements 
are given in Table I. These are approximate mean elements with the mean 
motion and semi-major axis of Piuio adjust& to s ~ t i s f y  the resonance criterion, 
3ng = 2n8where n9 is the mean motion of Pluto and n8 is the mean motion of 
Neptune. 
7 
The coefficients of Tk cos(ig*) and Tk s i n  (ig*) in the series for the 
perturbations a re  given in Tables I1 and III. For comparison purposes, the 
mutual attractions of Pluto and Neptune were computed in Chebyshev series,  as 
in Reference 1. The series in Table I1 and the Chebyshev series were  evaluated 
at  intervals of 800 days to give residuals in a, p and y for  two centuries on either 
side of the epoch. Figure 1 shows the trend of the residuals over the interval. 
The unit of time for the secular te rms  in the trigonometric se r ies  is one century 
(36525 days) and as expected the residuals increase in size beyond one unit from 
the epoch. The largest deviation of the four centuries is .7 X l o - *  o r  less than 
!' 002 of a rc  in p. 
Table 11 
Coefficients in the Series for the Perturbations of Pluto Due to Neptune 
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Table I1 (Continued) 
Coefficients in the Series for the Perturbations of Pluto Due to Neptune 
i j k  
0 D L  
1 O L  
3 0 2 
4 0 2  
5 0 2  
6 0 2  
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Coefficients in the Series for the Perturbations of Neptune Due to Pluto 
i j k  
0 u u  
1 0 0  
2 0 0  
3 0 0  
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Iteration to convergence fo r  the mutual attraction of Pluto and Neptune re- 
quires four iterations and six minutes of machine time on an IBM 7094 "Moon- 
light" system. 
- 
Mean Motion Longitude Argument  Mean Anomaly 
e ( JD  2433200.5) Degrees/Day Ascending Node Perihel ion i 
Semi-Major 
Axis i n  a.u. P1 ane t Eccentr ic i ty  i n  of of Inclination a t  Epoch 
a n R W go 
Another case handled by this method of trigonometric expansion is the 
perturbations of the minor planet Hilda due to Jupiter. Again there exists a 
three to  two resonance. Table IV gives the elements for the reference orbits 
of the planets. 
24509780 Hilda 3.969423 .153760 .12462789 22803400 4902610 '708460 1 J u p i t e r  5.203063 .048410 008308526 9909479 274:0669 103071 29 505 194 
Table V gives the coefficients of the trigonometric se r ies  for a, ,B , and y . 
The unit of time for this se r ies  is the period of Hilda divided by 27r. The re -  
duced time unit is necessary because of the large perturbations of Jupiter on 
the minor planet. With a one century time unit, the ser ies  coefficients are 
large and convergence is slow. 
Table V 
Coefficients in the Series for the 'Perturbations of Hilda Due to Jupiter 
i j k  
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Table V (Continued) 
Coefficients in the Series fo r  the Perturbations of Hilda to Jupiter 
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Table V (Continued) 
Coefficients in the Series for the Perturbations of Hilda Due to Jupiter 
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